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 Optimal Capital-Gains Taxation
 under Limited Information

 Jerry R. Green
 Harvard University

 Eytan Sheshinski
 Hebrew University of Jerusalem

 Taxation of capital gains at realization may distort individuals' decisions
 regarding holding or selling during an asset's lifetime. This creates the
 problem of designing a tax structure for capital gains so as to induce
 efficient patterns of holding and selling. Several tax structures are
 explored in this paper. Linear taxation, at rates which rise with the
 holding period, can achieve the first best, even under the conditions of
 limited information that we postulate. The form of the optimal tax is
 independent of the stochastic structure of rates of return. We also derive
 the optimal nonlinear tax under the constraint that it be independent of
 the holding period. Second-best tax rules are examined. Results in a
 two-period model are contrasted with those in a continuous time frame-
 work. Also treated is the case in which the returns to the asset under
 consideration depend on the aggregate quantity invested.

 I. Introduction

 This paper is addressed to the problem of the optimal design of a tax
 system for capital gains when the taxing authority has only a limited
 degree of information. We assume that the only variables observable for
 tax purposes are the amount of the realized capital gain and the length of
 time over which it has accrued. In particular, if an asset is sold at some
 moment in time, taxes cannot be based on direct observation of either the
 gain that would have been realized had it been sold earlier or the expected
 returns that were foregone by not holding it into the future, both of which
 are pieces of information in the private domain of the investor.

 This work was supported by National Science Foundation grants SOC71-03803 and
 APR77-06999 at Harvard University and SOC77-06000 at the Institute for Mathematical
 Studies in the Social Sciences, Stanford University.
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 I I44 JOURNAL OF POLITICAL ECONOMY

 This framework is natural for many considerations involving capital-
 gains taxation. Taxes are levied upon realization of the gain, and the date
 of realization is under the control of the investor. Accrual-based taxation,
 although potentially usable for widely traded assets (securities) whose
 market price can be determined retrospectively, is nevertheless not a
 viable policy option at present. For businesses, real estate, and other thinly
 traded capital assets, realization taxes are clearly the only feasible al-
 ternative. For these reasons, in this paper we have concentrated exclusively
 on the realization base.

 It is well known that all forms of capital-income taxation involve some
 type of intertemporal distortion. For example, the taxation of interest
 biases consumption toward earlier periods vis-h-vis the optimum. This is
 a problem with capital-gains taxation as well, but one which is conceptu-
 ally distinct from the misallocation of resources due to mistakes in con-
 tinuing or terminating certain investments.

 In this paper we assume that there are two types of assets. One is
 subject to capital-gains taxation and has a duration of either one or two
 periods, at the discretion of the investor. The other is an asset with a
 duration of one period which earns a fixed return. In order to dissociate
 the two types of inefficiencies mentioned above, we will assume that both
 the government's and the investor's objective functions are to maximize
 the expected value of wealth at the end of the second period. This removes
 both considerations of differences in risk aversion and in intertemporal
 preferences.

 We will assume that the asset subject to capital-gains taxation earns a

 variable rate of return. If this return were not risky, the rate of taxation
 could be fixed ex ante at the same level as that on the alternative asset.
 Therefore some variation is necessary in order to make the problem non-

 trivial. Further, suppose that at the end of the first period the investor and
 the government always had identical expectations concerning the second-
 period rate of return. In this case as well, private and social objectives
 would coincide if the effective rate of taxation on second-period gains were
 equated to that on the alternative asset. The problem of efficiency in
 capital-gains taxation is therefore relevant only in a context in which
 investors' prospective, as well as retrospective, information is superior to
 the government's. In this world, the government's attempt to control the
 agent's decision regarding continuation or termination of the project may
 be complicated by the tax advantages perceived by individuals in light of
 the resolution of both the first and second periods' uncertainties.

 For many types of assets, and for securities in particular, efficient-
 markets theory tells us that the economic agent and the tax authority
 should be equally ignorant about future returns. However, it is precisely
 the thinly traded, relatively inhomogeneous assets that allow learning by
 the owner beyond what one could discover as an outside observer. These
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 CAPITAL GAINS TAXATION I I45

 are just those for which realization taxation is most relevant. Therefore,

 the reader skeptical about both the possibility of investor forecasting and

 the impossibility of accrual taxation should keep this type of asset in mind.

 We believe, however, that the basic principles illustrated by our analysis

 are of more general applicability.

 Section II treats the basic two-period model. General tax policies are

 described. It is shown that by making taxes linear in the capital gain at

 rates that differ for one- and two-period holdings, appropriate incentives

 are created to make individuals follow the socially most productive

 investment rules. This tax function can be specified without knowledge of

 the joint distribution of returns in the two periods. We compare this

 scheme to one in which capital gains are imputed to each period within the

 holding period at a uniform rate and linear taxes are applied to each date

 separately, with an interest penalty being added to taxes unpaid at earlier

 dates. This is related to the cumulative-averaging method proposed by

 Vickrey (1947, app. 3, pp. 417-24) and discussed by David (1968, pp.

 185-89). We show that the rate of interest on back taxes implicit in the

 optimal linear tax scheme necessarily exceeds twice the net rate of return

 on alternative assets. Moreover, we demonstrate that no cumulative-

 averaging rule can exactly attain the first best, in general.

 Section II goes on to consider tax policies that are allowed to be non-

 linear in the size of the gain, but which must be independent of the length

 of the holding period. We show that there exists a family of tax policies of

 this form capable of decentralizing the first best and that these are pro-

 gressive in the size of the gain. Finally, a second-best linear, time-

 independent rule is derived.

 Section III considers a continuous time version of this model. In a

 particular example we explore the two successful tax rules of Section II.

 The results are somewhat different: There are no fully optimal linear,

 time-dependent rules, and, although optimal nonlinear rules exist, they

 seem to be regressive rather than progressive in the gain. This points out

 the need for further work on capital-gains taxation in multiperiod

 models.

 In Section IV we consider the case in which the rate of return to holding

 the risky asset varies with the intensity of investment in this form. Assum-
 ing that the variance of returns is small, we show that at the social

 optimum there will be a private bias in favor of the risky asset. On the
 other hand, at the second best with uniform taxation, there is a bias in
 favor of the alternative asset.

 II. Two-Period Model

 Here our analysis centers on investor behavior regarding a risky asset
 whose potential lifetime is two periods. When such an investment is
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 1146 JOURNAL OF POLITICAL ECONOMY

 initiated, the returns in each of these periods are viewed as a random
 variable, r1 in the first period and r2 in the second. We concentrate on
 the decision to be made after one period has elapsed. The investor must
 determine whether to continue this project or to switch to an alternative,
 safe asset with a return R per period.

 There are two essential features of our model of an informational
 nature. Having held the asset for one period, the investor has acquired
 some information about its second-period return. We assume, for sim-
 plicity, that at this stage r2 is known to him with certainty. The second
 aspect relates to the tax treatment of these capital gains and the infor-
 mation available to the government on which these taxes can be based. If
 the asset is terminated, the government observes the realized gain r1 but
 does not learn the value of r2 that was foregone by the investor's sale. If
 the investment is continued, the government observes only the total two-
 period return, (1 + r1)(l + r2) - 1, per unit invested but cannot

 identify r, and r2. Returns to holding the safe asset are taxed at a pro-
 portional rate t.

 Because of the informational structure of the market, the taxes can
 depend on the length of the holding period and on the observed return in
 an arbitrary way but cannot be functions of other variables.

 Let

 T(l, r1) = taxes paid on risky assets sold after one period,
 having earned r1.

 T(2, (1 + rl)(l + r2) - 1) = taxes paid on risky assets (1)
 sold after two periods, having earned

 (1 + r,)(l + r2) - 1.

 Consider an investor whose known pattern of returns is r,, r2. He will
 hold the asset for the second period if

 (1 + r)(l + r2) -T(2, (I + r1)(l + r2) -1))
 > [(I + r,) - T(1, r1)][1 + R(I t)

 and will sell it if the inequality is reversed.

 For a given tax policy and a first-period return r,, the level of r2 at
 which the individual is indifferent between holding and selling, r2(r1), is
 thus given by

 (1 + r1)[l + '2(r1)] -T(2, (I + r1)[l + '2(r1)] -1)
 = [(1 + r1) - T(1, r1)][l + R(l -Itf.

 In order to dissociate the problems inherent in capital-gains taxation
 from the distortions of interest-income taxation more generally, we
 consider the social objective of maximizing the expected total return at
 the end of the second period per unit invested. The government's policy
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 CAPITAL GAINS TAXATION I I47

 instrument is the system of capital-gains taxes, z(*, (). The rate of taxation
 on the safe asset t is taken as given.

 Let f (rl, r2) be the density function of the random returns (rl, r2).
 The expected total return per unit invested in the risky asset is given by

 Sri 5r2>P2(t (1 + r,) (I + r2) f(r1, r2)dr2drl
 r X r2 > 2(r 1) (4)

 + S S (1 + r,)(l + R)f(rl, r2)dr2drr.

 The effect of the policy on capital-gains taxation is through its influence

 on r (*). If a system of taxation can be designed so that

 r2(rl) R, (5)

 then a first best is attained at the expected returns

 Sri 5|2 (1 + rj)[l + max (rl, R)lf (rl, r2)dr2drl. (6)

 Clearly, if t = 0, then by setting of(-, ) 0 the individual's problem
 coincides precisely with the social objective, and r2(r1) _R as can be

 seen from (3). The problem of optimal capital-gains taxation, as we have

 posed it, depends on the fact that the taxation of returns on the safe asset

 might result in a "lock-in" type of effect. The individual, by postponing

 the realization of his gain, may be able to alter the extent of his tax

 liability. Since this will depend on the gain he has made in the first period,

 the holding function r2(r,) may not be constant, and the first best may be
 precluded.

 Parametrization of Tax Systems

 In general, the government's problem is to select functions T(l, .) and

 T(2, ), which may in principle be arbitrary functions of their arguments.
 Clearly, with this degree of flexibility (3) can be satisfied at 92(r1) R.
 For practical reasons, however, it may be necessary to restrict the

 choice of tax functions to some more narrow parametric class.

 At one extreme we may consider linear capital-gains taxes that are
 independent of the holding period. For any such rule '2(r1) will be a

 decreasing function of r,. In fact, if the proportional rate of taxation is
 t', then

 1 + r 1(l t')
 2(rl) = ( l R(l - t). (7)

 Because (7) is decreasing in r1, the first-best condition '2(r1) -R cannot

 be satisfied. Individuals with large r, will be locked in.
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 1148 JOURNAL OF POLITICAL ECONOMY

 To avoid this effect, more complicated parameterizations have been

 proposed. One possibility is a pair of linear rules but with different rates

 for different holding periods. Another idea is to overcome the benefit of

 a potential lock in by charging interest on the taxes that were postponed

 but would have been due under an accrual-based tax. This embodies the

 idea of taxing gains differently according to the holding period, but it is

 not equivalent to any linear rule. Instead of using a tax system that is

 linear in the capital gain, at a rate that varies with the holding period, one

 may consider nonlinear taxation at rates that are independent of the

 length of time the asset is held.

 In this section the ability of these alternative rules to achieve efficient

 outcomes is studied. We first show that linear taxation at variable rates

 can attain the first-best solution. The interest-rate rule, which is a special

 form of nonlinear taxation, not independent of the holding period, turns

 out to be incapable of decentralizing the efficient resource allocation.

 Allowing general nonlinear taxation at fixed rates, we see that there are

 many ways of attaining the first best.

 The structure of the optimal taxes in the two successful parameter-

 izations is characterized. Later sections deal with second-best taxation

 under those systems not capable of achieving full efficiency.

 Linear Taxation at Rates Dependent on Holding Period

 Proposition 1.-The pair of linear capital-gains tax functions

 Tjl , r,)=
 1 + R(l - t) (8)

 T(2, (1 + r,)(l + r2) - 1) = [(l + r,)(l + r2) - lIt

 achieves the first best.

 Proof.-We must show from (3) that

 (1 + r)(l + r2) - [(1 ?ri)(l + r2) -

 r~~~~~t ~~~(9)

 > Cl + rl I + R(l -t)2[+ ( )

 if and only if r2 > R. Rewriting (9) we obtain r2 > R directly, indepen-

 dently of the value of rl, and the converse follows by a similar computation.
 (Q.E.D.)

 Linear Rules with Interest on Deferred Taxes

 We now consider the policy of charging interest on deferred taxes. The
 first problem to be surmounted is that under the informational restrictions
 we have imposed, the government cannot determine how much of the
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 CAPITAL GAINS TAXATION I I49

 realized two-period gains were actually earned in the first period. This
 would be necessary to determine the amount of the interest payments. A
 natural assumption, and one commonly suggested in the capital-gains-
 taxation literature, is that the gains accrued at a uniform rate over the
 two periods. That is, if the terminal value of the asset at the end of two
 periods is (1 + r1) (1 + r2) per unit invested, then it is presumed that the
 rate of gain in each period was

 (1 + rj)''2(l + r2)1I2 - 1 (10)
 Taxes are computed as follows: One-period gains are taxed at the linear
 schedule

 T(l, r,) = r(11)

 as in the previous case. Two-period gains are also taxed at the rate Il
 but, in addition, the implicit gains at the rate (1 + rj)1/2(l + r2)/2 - 1,
 on which taxes were not paid after one period, bear an interest penalty
 of p. Thus,

 T(2, (1 + r,)(l + r2) - 1)

 = t((l + p)[(l + r,)1/2(l + r2)112 1] (12)
 + {(l + r,)1/2(l + r2)1/2 -tl[(l + r1)1 2(l + r2)1/2 - l]}
 * [(1 + rj)1/2(I + r2)I/2 - 1]).

 The first term on the right-hand side represents the principal and interest
 on taxes due to the imputed first-period gains. The second term is the
 product of the imputed net of tax wealth at the end of the first period and
 the assumed rate of gain in the second period.

 Proposition 2.-The system of capital-gains tax functions given by ( 11)
 and (12) cannot achieve the first best, for any choice of the parameters

 tl, P.

 Proof.-We will proceed by writing the first-best condition r'2(r1) R
 as a function of the parameters t1, p. Then we take the Taylor expansion
 in r1 of this identity. If it is to be satisfied for all r,, all the coefficients,
 which are functions of t1 and p, must be zero. We will obtain a contradic-
 tion to this system of requirements. Writing the condition for r2(r1) under
 the tax formulas ( 11) and (1 2), we have

 (1 + r,)(l + r2) - t1((l + p)[(l + r1)1/2(l + r2) - 1]
 ? {(l + r1)/12(l + p2)1/2 - t_[(l + r)12 r 2)/2 - l]} (13)

 [(1 + r,)'12(l + r2) - 1_)
 = [1 + r1(l - t1)][l + R(l - t)].

 This can be rewritten at r2 = R as

 0 = -Rt(l + rj) + r1Rtlt + ptl[(l + r1)1/2(l + R)1/2 - 1] (14)
 + tj{(l + R) - t1[(l + r1)1/2(l + R)12 1 2 ]2}
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 1150 JOURNAL OF POLITICAL ECONOMY

 If (14) is satisfied for all r1, then all the coefficients of its Taylor ex-

 pansion around r1 = 0 must be zero. The first three of these coefficients

 are:

 r - Rt + pt1[(l + R)1/2 _ 1]

 + tj(l + R) -t2[(l + R)'12 - 1]2, (1)
 pt1~~~~~~~~~~~

 ri-Rt (I - tj) + Pt, (I + R) 1/2 _t2[(l + R) - (1 + R) 1/2], (16)
 2~~~~~~t

 2 POt, / r '(1 + R)'12 - t (1 + R)12 (17)
 1 4 2

 Solving (17), we have

 -p = 2t1. (18)

 Substituting (18) into the conditions that (15) and (16) be zero, we

 obtain

 0 = -Rt + t1(l + R) -t2R (19)

 0 = -Rt(l - tj) - t2(l + R). (20)

 We will now show that t1 cannot solve (19) and (20) simultaneously

 whenever 0 < t ? 1 and R > 0.

 Multiplying (19) by (1 + R) and (20) by R and subtracting the result,
 we have

 Rt

 (1 + R)2 - R2t (21)
 Substituting (21) into (19) and simplifying, we reduce the condition for
 existence of a solution to the requirement

 0 = (1 -t)2R4 + 5(1 - t)R3 + (9 - 4t)R2 + 7R + 2, (22)

 which is obviously a contradiction. (Q.E.D.)
 Although this proposition proves that the first-best policy cannot be

 attained by an interest-penalty formula, we know that the optimal linear
 taxes, which can achieve the first best, are increasing in the holding
 period. There is a type of interest-penalty formula embedded in the first-
 best tax rules, but the implicit interest rate depends on the size of the
 capital gain. Because this type of capital-gains taxation formula is fre-
 quently suggested to overcome the lock-in effect, it is of interest to
 ascertain the approximate magnitude of the rates implied by the first-best
 linear rule. One might think that the interest penalty should be at the net
 rate of return available to investors on the alternative asset. In this way
 they would be indifferent between paying the tax and holding the alter-

This content downloaded from 
������������128.103.147.149 on Tue, 02 Feb 2021 20:36:12 UTC������������ 

All use subject to https://about.jstor.org/terms



 CAPITAL GAINS TAXATION I I5I

 native asset for one period or retaining the risky asset for the remainder

 of its life. This is not correct.

 Let us define implicit interest penalty p as that rate which equates tax
 revenue using the optimal two-period linear rate implicit in (8), with the

 revenue generated by using the optimal one-period rate in each period
 separately and adding a fraction p of the taxes that were due but deferred

 at the end of the first period. Thus p is given by

 t[(l + r1)(l + r2) - 1]

 =1 + R(l - t) [(1 + rj)'12(l + r2)I/2-1]

 + [(1 + r,)'12(l + r2)112 - 1] 1 + R(l - t) (23)

 |*1 + r1)/2(1 + r2i / - 1 + R(l - t)

 * [(1+ r1)'/2(l + r2)112 - 1]1.

 Proposition 3.-If r, and r2 are nonnegative with probability one, the
 implicit interest rate is at least twice the net rate of return on the safe
 asset.

 Proof.-Equation (23) may be simplified to give p as a function of
 r1 and r2:

 p = R(l -t)[(l + r1)1/2 (1 + r2)1/2 + 1]
 t (24)

 + 1 + R( -t) )[(l + r1)",2(l + r2) /2- 1].

 Whenever r1 and r2 are nonnegative,

 p > 2R(I - t). (Q.E.D.) (25)

 Thus if the government were to use the net rate of return R(l - t) as
 an interest charge applied to previously accrued taxes, the resulting
 system would tax two-period holdings at too low a rate relative to one-
 period holdings, and the lock-in effect would not be overcome.

 Nonlinear Taxation Independent of Holding Period

 We now consider the case of general nonlinear taxation according to a

 schedule that is constrained to be independent of the holding period. The
 tax liability is written (x), where x is the capital gain. (This specializes
 the formulation of [1] to require T[1, x] = -[2, x], for all x.)
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 I I52 JOURNAL OF POLITICAL ECONOMY

 Let us suppose that the first-period return is r1. If z() induces an

 efficient pattern of resource allocation, we can see from (2) that it must

 satisfy

 T((l + r,)(I + r2) -1'(1+ r,)(I + r2)(6

 - [1 + r, - z(r1)][l + R(l -t)],

 as r2 R, for all r1. We will show that there is a family of functions (E*)
 satisfying condition (26).

 Proposition 4.-Assuming that z(0) = 0, there exists a family of tax
 functions T(), generating an efficient pattern of holding for the capital

 asset.

 Proof.-We will proceed constructively, defining such a family and then

 showing that it satisfies (26). Let us define a sequence

 xi = (1 + R)i- 1 i = 0, 1, ... (27)

 Rewriting (26) for r2 = R, we have

 rf(l + r,)(l + R) - 1) (28)
 = (1 + r,)(l + R) - [1 + r, -T(rl)][l + R(l - 28

 for all r1. Taking rI = 0 = x0, (28) gives

 T(R) = tR = T(x1). (29)

 Proceeding iteratively, we can define z(xi) for all i by

 i - I

 T(xi) = tR E (1 + R)j[l + R(l - t)]'-j-1. (30)
 j = 0

 Consider a candidate for an optimal tax function defined on the inter-

 val (0, R) satisfying 1(0) = 0, z(R) = tR. Choosing any pointy0 e (0, R)

 we can follow the same procedure to construct T(y,) aty1 = (1 + R)yo
 + R, since by (28)

 r(yl) = (1 + R)yo + Rt - [Yo - T(yo)][l + R(l -t)]. (31)

 Thus we have constructed t () on the interval [R, (1 + R)2 _ 1]
 [= (x1, x2)] . This procedure can be continued. Therefore, by fixing T(*)
 on (0, R) we determine it completely.

 We will now show that any function T( ) generated by a function on

 (0, R) satisfying

 0 < T'(X) < 1(32)
 T (?) = 0, T(R) = tR

 will be compatible with (26), and is therefore an optimal tax schedule.
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 CAPITAL GAINS TAXATION II53

 Let us begin with a pointy I e [R, (1 + R)2 - 1]. This point is gener-
 ated byyo e (0, R) given by

 l + R (33)

 Using (31),

 T(y ) =yX - R(l - t) - L [I + R(l - )].
 I + R I + R ~~~~~(34)

 To show that the value of T(yi) given by (34) is compatible with all of the

 upper bounds generated by (26) when r2 > R andy1 = (1 + r,)(l + r2)
 - 1, we lety <yo. Applying (26) toy = r1,y1 = (1 + r1)(I + r2) - 1,
 we have

 T(YI) < (I + y) (I + r2) - [1 + i - T(y)][I + R(I )
 or

 T(Y1) <ye + 1 - [1 +y - T(y)][l + R(l -t)]. (35)

 Using (32), the right-hand side of (35) is decreasing iny and equals the

 right-hand side of (34) for y = yO = (yi - R)/(l + R). Therefore for
 y < Yo' (35) is surely satisfied.

 For y > yo, (26) implies that the inequality in (35) must be reversed.
 This is also valid by the monotonicity of its right-hand side iny.

 Summarizing this argument, the function T(y1) constructed on

 [R, (1 + R)2 - 1] by using (34), from T(yo) on (0, R), satisfies all of the
 requirements of (26).

 The function T( ) inherits the necessary property (32), as can be seen

 by differentiating (34) with respect toy1, obtaining

 '(y) 1 1 ?R [1 - [ '(y 0)] (36)

 which is clearly between 0 and 1 because 0 < T'(y0) < 1. Repeating this
 procedure in each interval (xi, Xi+l), T() has the required property
 throughout its range. (Q.E.D.)

 Using the construction employed in the proof of proposition 4, we may

 study whether the optimal tax is progressive in the amount of the gain.
 Because marginal tax rates at any particular point are unconstrained, this

 question is analyzed in terms of whether the average tax increases or

 decreases as we move from xi to xi + 1--the only points the tax is determined
 precisely. Using (30) we compute straightforwardly that

 T(Xi+1) - T(Xi) I -t I + R(1 -t)
 t + I +~lt)i (3 7)

 Xi+l 1 x rIL + R I +
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 1154 JOURNAL OF POLITICAL ECONOMY

 Thus the "marginal" tax paid when the gain increases from xi to xi+ 1 is
 an increasing function of i, which is always between t and (1 + tR)/

 (1 + R).

 Second-best Taxation at a Uniform Rate

 Because of its simplicity, a linear tax rate that is independent of the

 holding period is widely used and characterizes current practice as far as

 long-term capital gains are concerned. As shown above, the lock-in

 effect will always be present under this system. That is, r2(r,), which
 characterizes individuals' holding rules, will be a decreasing function of

 r1, given by (7).

 We now analyze how the capital-gains rate t' should be set so as to
 maximize the social objective (4). Differentiating (4) with respect to t'

 we have the first-order condition:

 F ~~~~~~~~~~~~df2 (r I)
 i (1 + r1)[f2(r,) - R]f [rl, r2(r,)] dt dr1 = 0. (38)

 Using (7) this can be rewritten as

 (I ( - t) - (1 - t')(l + tr,)
 Jr( 1 t) -( 1 +t )r( l + trt) f [r1, f2(rl)]dr, = 0. (39)

 If r1 > 0 with probability one, then (39) implies that t' > t. When the

 variance of r1 is low, an approximation to the optimum is given by

 t' ~ (I+ Er) (40)
 This is explained as follows. If t = t, then r2(r1) < R for all r1 > 0,

 because any investor who had a gain in period one will profit from

 postponing the tax. By increasing t' above this level we favor the alter-

 native asset for individuals with low values of rI. In order to strike a
 balance, with some risky assets sold when r2 is too high and some when r2

 is too low, this policy should be pursued.

 III. Continuous Time Model

 It would be important to generalize the results of the previous section to
 dynamic situations more complex than the simple two-period structure

 we have studied thus far. The two-period model eliminates two effects
 that are present when more realistic considerations are introduced. First,

 the optimal decision rules, both socially and individually, for holding or
 selling the asset at any date s cannot be written as functions of r5 and the
 predetermined data. Holding the asset may be optimal even when r, is
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 low, provided future expected gains are sufficiently high. Second, multi-

 period models may entail the possibility of improved information and

 sequential decision rules which are irrelevant when the horizon consists

 of only one date beyond the present.

 A full treatment of these issues is beyond the scope of this paper. We

 have, however, analyzed an example in a continuous time model with

 special properties that rule out the two complexities mentioned above.

 By taking a family of patterns of returns over time that are all decreasing

 and known with certainty by the holder of the asset at the initial date, we

 rule out the effects of learning and can calculate the optimal selling time

 by a myopic rule.

 Returns per unit investment at instant s are given by

 r(s) = Ae-ps (41)

 where the parameters A and p are known by the holder of the asset at

 s = 0 but are unknown to the tax authority. Following the structure of

 the previous section, the tax authority learns the accumulated capital

 gain at the date of sale. The total value of the returns on the asset up to

 date T is

 V(T) = r(s)ds =-(l -e-PT). (42)

 In the most general case, tax liability can depend on both T and V( T)

 according to T(T, V(T)).
 The investor chooses his date of sale to maximize the net of tax present

 value of the asset (returns plus principal, 1) discounting at the net rate

 of return available on the alternative (safe) asset (which is taxed con-

 tinually), R(l - t). Thus his problem is

 max {l + -(1 - e PT) - (T -(1 - e PT))} eR( )T (43)

 Assuming that t(T, 0) = 0 for all T. the optimal date of sale will be
 positive only if A > R. To avoid corner-solution problems, which can
 easily be handled with some complexity of notation, we assume that
 A > R with probability one.

 The optimal holding period T* solves

 pT* O- pT* 0=(Ae- e
 8T av I

 (44)

 - [1 + (1 -ePT*) - ] R(l - t)

 where T = T(T*,(A/p)(1 -ePT*)).
 The planner's problem is to choose a function z(-, -) such that the
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 solution to (44) maximizes the social present value of the asset discounted

 at the untaxed rate of return R:

 Ae- PT* = R. (45)

 Thus the condition for an optimal tax function can be obtained by sub-

 stituting (45) into (44), obtaining

 0 (R -By OT R)- (1 + V- T)R(l - t). (46)

 Equation (46) is a partial differential equation in T. We investigate the
 existence of solutions for the two special types of tax functions correspond-

 ing to those of the two-period model: (a) linear taxation at variable rate:

 z( T, V) = a( T) V, and (b) nonlinear taxation, independent of the holding
 period: T( T, V) = T(V). Assuming that z(T, V) = cc(T) V, equation (46)
 becomes

 da [I i (IV V R )(]} + V t)( V) (47)
 dc RTl(l V)

 If an optimal tax function of this form exists then (47) can be solved for a

 function a(T) independent of V. Holding V constant, we see that the

 general form of a solution to (47) is

 _______ 1V]( -It)(I + V) cc(T) = Ce v + [1 -(1 t)V] (48)

 where C is an arbitrary constant. Since there is no boundary condition on

 cc, C can, in principle, depend on V. But clearly there is no function C ( V)

 such that a( T) given by (48) becomes independent of V.
 Now assuming T(T, V) = z(V), we have from (46)

 V- (l - t) + (1 - t)(l + V) - 1 = 0, (49)

 the general solution of which is

 T(V) = Ce(l-t)V + V + 1. (50)

 The boundary condition T( T, 0) = 0 for all T implies C = -1 so that
 the optimal nonlinear tax function is given by

 T(V) = V + 1 - e(1-t)v. (51)

 The form of (51) displays some peculiarities. Taxation is regressive in
 the amount of the gain. Moreover, for V sufficiently large, marginal and
 even total taxes are negative. This may be a consequence of the special
 form for the returns but perhaps belies some more general difficulties in
 multiperiod models. We hope to explore this in future work.
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 IV. Private willingness to Hold Risky versus Safe Assets

 Up to now we have regarded the supply of risky projects as fixed and

 have not investigated the willingness of individuals to hold this asset.

 More generally one can assume that the distribution of the rate of return
 on risky assets depends on the proportion of capital invested there. In
 equilibrium, the rates of return will be equalized, and a social tax policy
 must take this margin into account. To explore the full implications of

 second-best analysis in this regard is beyond the scope of this paper. The

 optimal taxes would depend on the exact way in which the joint distribu-

 tion of rates of return shifts when the aggregate portfolio is varied.

 In the present paper we can consider only the direction of the bias,

 toward or away from the risky asset, given that it exists in inelastic supply
 at the socially optimal level. We assume that r1 and r2 are independently,

 identically distributed and that their variance is small. We will consider

 two situations: the first best, as attained by linear taxes, and the second

 best, when only linear taxes independent of the holding period are
 allowed. We will show that in the first case a bias is created in favor of the
 risky asset, while the second case entails a bias in the opposite direction.

 First Best

 At the first best, the two assets have the same expected return and the

 holding rule for the risky asset is r2 -R. Thus,

 JX1 fX2>R (1 + r,)(l + r2Jf (rl)f(r2) dr2 dr1 (52)
 r I r2>R

 + J i (1 + r,)(l + R)f(rl)f(r2) dr2 dr1 = (1 + R)2.
 ri r2<R

 We want to determine which asset is more attractive to an investor at this
 social optimum. We will show that the risky asset has a higher expected

 net yield, when the variance of r,, t = 1, 2 is sufficiently small. That is,

 fi JrI R [(1 + r1)(l + r2) - t(r1 + r, + rlr2)]f(rl)f(r2) dr2 drl
 r I r2>R

 + Sri I { + R(l )]}[l + R(l - t)]f (rl),f (r2) dr2 dr1

 > [1 + R(l -t)]2. (53)

 Using (52), (53) becomes

 r1f (rl) dr, + [i (1 + rl)f(rl) dri]

 (54)
 S max (r2, R)f (r2) dr2 < 2R + R2 + R2( -2 ).

 r2
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 By virtue of the social optimum condition it is clear that

 Jrrlf(rl)drl <R. (55)
 ri

 If the variance of r2 is sufficiently small,

 max (r2, R)f (r2) dr2 - R (56)
 r2

 is negligible. In this case, (53) follows directly.

 Second Best

 The social optimum when the variance of r1 is small occurs when Er1 R.
 In this case the second-best formula (40) is

 1 +R\

 t t I + R) (57)
 Clearly there is a bias away from the capital asset, since it is virtually
 identical in its gross return but is taxed at a higher rate.

 V. Conclusions

 We have explored the possibilities for decentralizing the socially optimal
 investment policy regarding the continuation or termination of assets'

 returns that can vary over time, when the tax authorities' information is

 highly limited. The analysis assumed that the supply of such assets is fixed.

 In this context the first best can be attained in a variety of ways. More
 generally, as was shown in the last section, the optimal policy will create

 a divergence between private and social returns to investment in alter-

 native classes of assets. The overall optimal policy is necessarily of a

 second-best nature. We hope, nevertheless, that the results derived here

 will shed light on these more complex situations.
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